ON A QUESTION OF DUSA MC DUFF 



FELIX SCHLENK 



Abstract. Consider the 2n-dimensional closed ball B of radius 
1 in the 2n-diniensional symplectic cylinder Z — D x R^"^^ over 
the closed disc D of radius 1. We construct for each e > a 
Hamiltonian deformation ip of B in Z of energy less than e such 
that the area of each intersection of (p (B) with the disc D x {x}, 
X G R^"~^, is less than e. 



1. Introduction 
We endow Euclidean space R^" with the standard symplectic form 

n 

cfo = ^rfxi A di/i. 

i=l 

A C°°-smooth embedding ip of an open subset U of R^" into R^" is 
called symplectic if ip*uJo = ujq. An embedding of an arbitrary subset 
S of R^" into another subset S' of R^" is called symplectic if it extends 
to a symplectic embedding of a neighbourhood of S into R^". We 
denote by i?^"(7rr^) the closed 2n-dimensional ball of radius r and by 
Z'^^{7r) the closed 2n-dimensional symplectic cylinder 

Gromov's celebrated Nonsqueezing Theorem [3 states that there does 
not exist a symplectic embedding of the ball i?^"(a) into the cylinder 
Z'^^{ti) if a > tt. So fix a G ]0,7r]. We recall that the simply con- 
nected hull T of a subset T of R^ is the union of its closure T and the 
bounded components of R^\T. We denote by /i the Lebesgue measure 
on R^, and we abbreviate /i(T) = /i(T). It is well-known that the 
Nonsqueezing Theorem is equivalent to each of the identities 



inf /i(p(y,(52"(a)))) 
inf /i(p(¥,(i?2"(a)))) 
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where ip varies over all symplectic embeddings of B'^"'{a) into Z'^'"'{tt) 
and where p: Z'^"-{tt) B'^{t^) is the projection, see [T] and Corol- 
lary B.IO]. Following Section 3] we consider sections of the image 
(p{B^"-{a)) instead of its projection, and define 

a{a) = inf sup /i(p((^(5'"(a))nD,)) , 

V X 

a{a) = inf sup /t (p (v9(5^"(a)) n D^)) , 

'P X 

where (f> again varies over all symplectic embeddings of B'^"'{a) into 
Z^"(7r), and where C Z^"(7r) denotes the disc = B'^{tt) x {x}, 
X e Clearly, 

cr(a) < o"(a) < a. 

It is also well-known that the Nonsqueezing Theorem is equivalent to 
the identity 

(1.1) (j(7r) = TT. 

Indeed, the Nonsqueezing Theorem implies that for every symplectic 
embedding ip of B'^^{ti) into Z^"(7r) there exists x G R^*^"^ such that 
(i?^"(7r))nD2. contains the unit circle 5*^ X {a;}, see Lemma 1.2]. On 
her search for symplectic rigidity phenomena beyond the Nonsqueezing 
Theorem, D. McDuff therefore asked for lower bounds of the function 
cr(a) and whether cr(a) — > vr as a — >■ vr. It was known to L. Polterovich 
that (T(a)/a as a — i> 0, see again We shall prove 

1.1. Theorem. 

(i) cr(a) = for all a G ]0, tt] . 

(ii) a{a) = for all a G ]0, 7t[. 

The symplectic embeddings in the definition of a {a) and a (a) were not 
further specified. Following a suggestion of L. Polterovich, we next ask 
whether the vanishing phenomenon described by Theorem II. II persists 
if we restrict ourselves to symplectic embeddings which are close to 
the identity mapping in a symplectically relevant sense. We denote by 
Hci^n) the set of smooth functions H : R^" H whose support is a 
compact subset of Z^"(7r). For H G Tid^n) we define the Hamiltonian 
vector field through the identities 

ujo{Xh{z),-) = dH{z), zGIl2^ 

and denote by (pn the time-l-map of the flow generated by Xh- More- 
over, we abbreviate 

(1.2) = sup H{z) - inf H{z). 



For each a G ]0, tt] we define 

auia) = inf|sup/i(p(0H(52"(a))nD,.)) + ll^ll}' 

aH{a) = inf |sup/i(p(0H(52"(a))nD,.)) + 11^11}' 

where H varies over Hd^n). Clearly, a (a) < an {a) and a (a) < (5"H(a). 
In particular, 0"i^(7r) = vr. 

1.2. Theorem. 

(i) <Jh{cl) = for all a G ]0, vr]. 

(ii) 0"//(a) = for all a G ]0, tt[. 

In order to see Theorem 11.21 in its right perspective we abbreviate 

Ham, (Z2-(7r)) = {0^ | G n,{2n)} 

and define the energy E{(j)) of G Ham, (Z^"(7r)) by 

E{(f)) = inf {II II I = for some H G K(2n)} . 

In the framework of Hofer geometry the energy of a Hamiltonian dif- 
feomorphism is its distance from the identity mapping, see [HI 13 EI- 

Notice that 



ania) = inf sup /i (p (^(^^"(a)) n D,)) + 
ania) = inf (sup /i (p (^(^^"(a)) n D,)) + j , 

<t> I X ) 

where varies over Ham, (Z^"(7r)). Theorem 11.21 therefore says that 
the vanishing phenomenon described by Theorem 11.11 persists if we 
restrict ourselves to Hamiltonian diffeomorphism of Z^"(7r) whose Hofer 
distance to the identity mapping is arbitrarily small. 

2. Results 

We start with stating a generalization of Theorem ll.il We denote by JI 
the outer Lebesgue measure on and by /i(T) = /i(T) the Lebesgue 
measure of the simply connected hull of the subset T of R^. For each 
subset S of the cylinder Z'^"'{7t) we define 

cr (S) = inf sup 71 {p {if {S) n D^)) , 
a{S) = mi sup fi{p{ip (S) n D^)) , 

V X 

where if varies over all symplectic embeddings of S into Z^"(7r). We 
abbreviate the closed cylinder Z^"(a) = -B^(a) x R^". 
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2.1. Theorem. Consider a subset S of Z^^Itt) . 

(i) a{S)=0. 

(ii) a{S)=OifSc Z'^'\a) for some a<n. 

In view of the identity (jl.lj) we have ct(S') = tt whenever S contains 
the ball ^^"(Tr). 

2.2. Question. Is it true that a (Int B'^'' (n)) = vr? 

A slightly weaker version of Theorem 12 . II has been proved in P| by using 
a symplectic folding method. The method used here is more elementary 
and can also be used to prove a generalization of Theorem 11.21 We 
denote by Ti.{2n) the set of smooth and bounded functions H : R^" H 
whose support is contained in Z'^^{n) and whose Hamiltonian vector 
field Xh generates a flow on R^". The time-l-map of this flow is then 
again denoted by (pn- Using the notation ()1.2|1 we define for each subset 
^of Z2"(7r), 

o-h{S) = M \ sup Jl{p{(f)H{S) n D^)) + 

aniS) = inf <^ sup fi {p {(pniS) n D^)) + 

where H varies over 7ic(2n) if S is bounded and over 7i(2n) if S is 
unbounded. In order to state the main result of this note we need yet 
another definition. 

2.3. Definition. A subset S of Z'^^{tt) is partially bounded if at least 
one of the coordinate functions X2, x„, ?/2, ...,?/„ is bounded on S. 

2.4. Theorem. Consider a partially bounded subset S of Z'^"'{'k) . 

(i) aH{S) = 0. 

(ii) an (S) = if S C Z'^'^{a) for some a < tt. 
Of course, 

an (^'"(tt)) = an (^'"(tt)) = (lntZ2"(vr)) = an {lntZ^^{n)) = vr. 

2.5. Question. Is it true that an (^^"(a)) = (^^"(a)) = a for all 
a e]0,7r]? 

Theorem 12.11 and Theorem 12.41 are proved in the next two sections. 
In Section 5 we shall reformulate these theorems in the language of 
symplectic capacities. 
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3. Proof of Theorem 12.11 

The main ingredient in the proof of Theorem l2.1l is a special embedding 
result in dimension 4. We shall use coordinates z = {u, v, x, y) on 
(R^, du Adv + dx A dy). We denote by C the affine plane 

and given any subset S of R"^ we abbreviate 
Fix an integer k > 2. We set 



and we define closed rectangles P, P' and Q in v) by 

P = [0,7r] X [0,1], 

P' = [5,n-6]x [5,1-5], 

Q = [35, vr- 35] X [35,1 -3(5]. 

We abbreviate the support of a map ip: R"^ ^ by 

supp = {2; G R^ I ip{z) 7^ z}. 

3.1. Proposition. There exists a symplectomorphism ip of R^ such 
that supp if G P' X H"^ and such that for each {x,y) G R^, 

(3.1) ^ (y^ (P' X R X [0, 1]) n < 2e, 

(3.2) /i((^(Q X Rx [0,1] )nE(,,j,)) < 2e. 

Proof. We define closed rectangles R, R' and R" in R^(M,t>) by 

R = [0,e] X [0,1], 

R' = [S^e-5]x[5,l-5], 

R" = [25,e-25] x [25,1-25], 

and we define closed rectangular annuli A and A' in R^(u, v) by 

A = R\R', A' = R' \ R". 

Then R = AUA'U R" , cf. Figure [H 
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V 




5 e 

Figure 1. The decomposition R = Au A' U R". 



We choose smooth cut off functions /i, /2 : R ^ [0, 1] such that 



hit) = 

f2{t) = 



0, t ^ [S,e-5], 

1, t G [26,e-26], 

0, t^[6,l-S], 

1, te [2S,l-2S], 



and we define the smooth function H : ^ R by 

H{u,v,x,y) = -fi{u)f2{v){l + e)x. 
The Hamiltonian vector field Xh of H is given by 

(3.3) ^^^(m,^,^,^/) = (1 + e) Q 

V fi{u)f2{v) J 
The time-l-map 0// has the following properties. 

(PI) SUpp (pH CR' X R2, 

(P2) (pH fixes ^ X R2, 

(P3) (pH embeds A' x R^ into A' x R^, 

(P4) translates R" x R^ by (1 + e)ly. 

where we abbreviated ly — (0,0,0,1). 

For each subset T of R^(m, v) and each i e {I, . . . , k} we define the 
translate Tj of T by 

= {{u+{t-l)e,v) I («,^;) eT}. 
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With this notation we have 

k 

P = \JR^ 



U 



j=l i=l 



6- 



■ 



6 e 



u 



TT 



Figure 2. The decomposition P = ULi = Ui=i 
A'i U i?f for k = 4:. 

cf. Figure 121 Abbreviate Hi{u,v,x,y) = iH{u — {i — l)e,v,x,y). We 
define the smooth function H : R by 

k 

H{z) = Y,H,{z) 

and we define the symplectomorphism of by = 0^. In view of 
the identity ()3.3p we see that ip is of the form 

(3.4) (p{u,v,x,y) = {u\v',x,y'), 

and in view of the Properties (P1)-(P4) we find 
(Pi) SUpp (fiC P' X R2, 
(P2) fixes [j^=l^^ X 

(P3) cp embeds A- x R^ into A[ x R'^, i = 1, . . . ,k, 
(P4) translates R'- x R^ by z(l + e)ly, i = 1, . . . ,k. 

Verification of the estimates fl3.1|) and fl3.2|) 

Fix (x,?/) G R^. We abbreviate 

P' = p{^{P'xRx [0,l])nE(,,,)), 
Q = p{^{QxRx [0,l])nE(,,j,)). 

3.2. Lemma. W^e have /i(P') < 2e. 
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y 

5 + 4e - 



4 + 3e - 



3 + 2e -~ 



2 + e- 



u 



71 



Figure 3. The intersection of (P x R x [0, 1]) with a 
plane {{u, v, x, y) \v,x constant} for v G [25, 1 — 25]. 



Proof. Using the definitions e = f and 5 = ^ we estimate 

(3.5) /i(AiUAO = e-(e-45)(l-4(5) < p z = l,...,A;. 

Case A: y G [z*(l+e), i*(l+e) + l]. According to Properties (P2)-(P4) 
we have P' fl i?-' = if i 7^ i* , and so 

Together with the estimate ()3.5p we therefore find 

(3.6) ii{V') < e + k^ = 2e. 

Case B: ?/ ^ Ui=i[^(-^ + + ^) + According to Properties 

(P2)-(P4) we have V n R'l = % for all i, and so 

k 
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Therefore, 

(3.7) ^^{V')<e. 

The estimates and (jSHj) yield that {V) < 2e. 



□ 



3.3. Lemma. We have fi{Q) < 2e. 

Proof. In view of the special form ()3.4|) of the map cp we have 

Q = p{^{Q X {x} X [0,l])nE(,,,)). 
For z = 1, . . . , we abbreviate the intersections 

(3.8) Ai = QnA, A[ = Qn A[, n'l = Qn Rl 



3(5- 



3(5 



u 



Figure 4. The subsets A, Al^ and 7^-' of Q, i = 1, . . . , 4. 

Each of the sets Ai and A!^ consists of one closed rectangle if i G {1, A;} 
and of two closed rectangles if 2 e {2, . . . , — 1}, cf. Figure El The 
crucial observation in the proof is that for each i the simply connected 
hull of the part 

v[^{A^i X {x} X [0, 1]) n 
of Q is a simply connected subset of A.. Indeed, according to prop- 
erty (P3) the closed and simply connected set {^A!^ x {%] x [0, 1]) 
is contained in x {x} x R, and so the simply connected hull of 
V? {A!^ X {x} X [0, V\)^E(^x,y) is a simply connected subset of A-x {(x, ?/)}. 
We abbreviate by Q the simply connected hull of Q. 

Case A: y G [0, 1]. According to Properties (P2)-(P4) we have Q fl 
Ai = Ai and Q fl i?f = for all i. In view of the above observation we 
conclude that 

k 

Q c [jAuA[. 

i=l 
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Together with the estimate ()3.5p we therefore find 

(3.9) ^^{Q) <k'- = e. 

Case B: ?/ G + e),z*(l + e) + 1]. According to Properties (P2)- 

(P4) we have Q n = for all i and Q n i?f = if i 7^ i* . In view of 
the above observation we conclude that 

k 

Q C R,*u[jA[. 

i=l 

Therefore, 

(3.10) ^(Q) < e + e = 2e. 

Case C:y ^ [0, 1] U Uf^i[i(l + e), ^(1 + e) + 1]. According to Properties 
(P2)-(P4) we have Qn = Qni?^' = for all i. In view of the above 
observation we conclude that 

k 
i=l 

Therefore, 

(3.11) < e. 

The estimates (jSH), (pTTIHl and (ITTTIl yield that /i(Q) = //(Q) < 2e. 
This completes the proof of Lemma 13.31 □ 

In view of Lemmata 13.21 and 13.31 the estimates ()3.1|) and ()3.2|) hold 
true. The proof of Proposition 13.11 is thus complete. □ 

End of the proof of Theorem I2.1l (i) 

Fix k > 2 and set e = |. We choose a symplectomorphism a of 
]R^(m, f) such that P' C a {B'^{7r)). We refer to P Lemma 2.5] for an 
explicit construction. Choose an orientation preserving diffeomorphism 
/: R — ]0, 1[ and denote by /' its derivative. Then the map 

is a symplectomorphism. We define the symplectic embedding $ : R^" 
by 

$ = {{a~^ X id) o (fo [a X j3)) x id2n-i 
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where 99 is the map guaranteed by Proposition 13.11 Since 

(3.12) supp C P' X R2 ^ a (^^(Tr)) x 

we have $(Z^"(7r)) C Z^"(7r). For each subset 5* of Z^"(7r) and each 
point z = (x, y, Z3, . . . , z„) G ]R^"~^ we have 

$(S) n P), C $ (^^"(tt)) n P^ 

= ((«-! X 2rf) o o (« X /3)) (Z"(7r)) n P(,,,) 

C ((a^^ X id) o y;) (a (p2(7r)) x R x [0, 1]) n P(^,j,). 

Using this, the facts that Ji is monotone and preserves /i, the 
inclusions ()3.12p and the estimates ()3.ip and ()3.5|1 we can estimate 

7Z($(5)nP,) < /i(<^(a(p2(7r)) X Rx [0,1]) nP(,,j,)) 

= /i (y; (P' X R X [0, 1]) n P(,,,)) + /X (a (p2(7r)) \ P') 
< 3e. 

Since this holds true for all z G R^"~^ and since k > 2 was arbitrary, 
we conclude that o"(S') = 0. 

End of the proof of Theorem 12.11 (11) 

Choose a < vr so large that S C Z^"(a). We choose > 2 so large that 
a < niQ). We then find a symplectomorphism a of R^(M,f) such that 

a (B'^ia)) CQ and a (P^(7r)) D P', 




Figure 5. The symplectomorphism a. 

cf. Figure We refer again to P| Lemma 2.5] for an explicit construc- 
tion. We choose a symplectomorphism /3: R^ — Rx ]0, 1[ as above and 
define the symplectic embedding $: R^" R^" by 

$ = ((a^^ X irf) o o (a X /?)) x id2n-A- 
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Since supp C P'xR^ ^ a (^^(Tr)) xR^ ^e have $ (^^"(a)) C ^^"(Tr). 
For each z = (x, y, z^, . . . , Zn) € ]R^"~^ we have 

= X o o (a X /?)) (Z^(a)) n Z^(,,,) 

C ((a^^ X o yj) (Q X R X [0, 1]) n 

Using this, the facts that fi is monotone and preserves fi and the 
estimate ()3.2|1 we can estimate 

ix{^{S)nD,) < ^ (g X R X [0, 1]) n 

< 2e. 

Since this holds true for all z G and since we can choose k as 

large as we hke, we conclude that ct{S) = 0. The proof of Theorem 12.11 
is complete. □ 



4. Proof of Theorem 12.41 

As in the proof of Theorem 12.11 the main ingredient in the proof is a 
special embedding result in dimension 4. We denote by Ti (R^) the 
set of smooth and bounded functions H : R^ — >■ R whose Hamiltonian 
vector field Xh generates a flow on R'^. The time-l-map of this flow is 
then again denoted by (j)H, and we abbreviate 

\\H\\ = sup H{z) - inf H{z). 

Fix an integer k > 2 and set 

71 e 6 

^ ^ k' ^ 4k' " ^ Ak' 

We use the notation of Section 3 and in addition define the closed 
rectangle in R^(m, t>) by 

(4.1) P" = [u,n-u]x [u, 1 - z/]. 

We abbreviate the support of a function H : R^ — > R by 



supp H = {zeR^l H{z) ^ 0}. 

4.1. Proposition. There exists H G (R^) such that supp H C 
P^ X R^ and \\H\\ < 2e and such that for each {x,y) G R^, 

(4.2) II {(Ph (P'^xRx [0, 1]) n P(,,,)) < 3e, 

(4.3) /i ((/.H (Q X R X [0, 1]) n < 3e. 
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Proof. As in the proof of Proposition l3.1l we start with describing a local 
model of our map. We define the closed rectangles R, R' and R" and the 
closed rectangular annuli A and A' as in the proof of Proposition 13.11 
and we define the closed rectangle R'' in ^{u,v) by 

i?^ = [u^e-u]x [u,l-u]. 

We also define closed intervals /, /' and /" in IR(x) by 

/ = [0,e], /' = [5,e-5], /" = [25,e-25] 

and abbreviate 

J = [0, 5] U [e - 6, e], J' = [S, 26] U ]e - 25, e - 6[. 

Then I = JUJ'Ul". We finally abbreviate 

(4.4) yi = l + {2i- 1)6, fji = 2i - e + 2i6. 

4.2. Lemma. For each i G {1, . . . , A;} there exists a smooth function 
-ffj : — i> R with the following properties. 

(PI), supp HiCR'' X I xR, 

(P2). <j)H, fixes Ax I X [0,1], 

(P3) . (j)H, embeds A' x I x [0, 1] into A' x I xR, 

(P4). 0h[ fixes R" xJx [0,1], 

(P5) . (t)H, embeds R" x J' x [0, 1] into 

R"x{.JU.J')xRY[R"xIx{[y„y, + 6]U[y,-e,y^]), 

(P6) . (pH translates R" x I" x [0, 1] by 2ily, 
(P7), \m\<2e. 

Proof. We shall first construct a Hamiltonian diffeomorphism (pp of 
small energy which disjoins R" x I" x [0, 1] from itself and shall then 
construct a Hamiltonian diffeomorphism 0^. whose support is disjoint 
from i? X / X [0, 1] and which translates the image (pp {R" x I" x [0, 1]) 
far along the y-axis. The composition 0g- o(f)po (^^| will be the desired 
map (pHi- Both (pp and (pd are similar to the map (pn constructed in 
the previous section, but now F and Gi have also an x-cut off factor. 
In order to make the support of (p^ disjoint from R x I x [0, 1], the 
function Gi must also have a y-cut off factor. This will lead to technical 
complications. 

Step 1. Construction of the map (pp 
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► U 




- U 



Figure 6. An impression of the map (pHi- 



We choose smooth cut off functions : R ^ [O^l]) 3 — 1)2,3, such 
that 



0, ti[5,e-5l 

1, t e [2S,e-2S], 

0, t i {^,\-s\, 

1, tG [2();i-25], 



m) = 

hit) = 



and we define the smooth function F: — > R by 

F{u,v,x,y) = -fi{u)f2{v)f3{x){l + e)x. 
By the choice of the cut off functions /i , /2 and /s we have 

(4.5) supp F G R' xl' xR 
and since \f3{x)x\ < e — 5 for all x we have 

(4.6) ||F|| < (l + 6)(6-5) < 26. 



(4.7) XF{z) = {l + e) 
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The Hamiltonian vector field Xp of F is given by 

/ -h{u)av)Ux)x \ 

f[{u)f2{v)f3{x)x 



Notice tliat 

(4.8) Xf{z) = (1 + e) (/3(x)x + faix)) ly for all z e R" x I x R. 
Step 2. Construction of the map (pQ. 

We choose smooth cut off functions gj: R — > [0, 1], j = 1,2,3,4, such 
that 



9iit) 
92{t) 
93it) 
94{t) 



0, t i [z/,e- z/], 

1, t G [5,e-5], 

0, ti\v,\-v\ 

1, tG [5,1-5], 

0, til, 

1, tG/', 

0, t < Vi, 

1, t>yi + 5. 



We can assume that 5'3(t) > if t < e — 5 and that g\{i) > for all 
t G R and 

(4.9) ^4(t) = \{t-y^) if t e [y. + z/, + 5 - z/] 

cf. Figure 




Figure 7. The cut off function g^{t). 
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We define the smooth function Gi : R"^ ^ R by 

Gt{u,v,x,y) = -gi{u)g2iv)g3{x)gi{y){2i-l- e)x. 
The Hamiltonian vector field of Gi is given by 

/ -9i{u)g2{v)g3{x)g4{y)x \ 
9'i{u)g2{v)g3{x)g4{y)x 
-9i{u)92{v)g3{x)gi{y)x 
\ 9i{u)92{v){g3{x)x + g3{x))g4{y) J 

In view of the choice of the cut off functions gi and g2 we find that for 
all z G i?' X J X R, 



(4.10) XgAz) = (2^-1-e) 



(4.ii; 



(2z - 1 - e) 








-^3(3^)^4(^)2; 
V {93{x)x + 93{x))gA{y) J 



Also notice that 

(4.12) supp (pGi = supp (p'ol C R" X I X [yi, oo[. 
We define the smooth function ifj : R^ ^ R by 

(4.13) H,iz) = F [ct>-^]{z)) . 

According to the transformation law of Hamiltonian vector fields under 
symplectic transformations we have 



(4.14) 



be, o(ppo (p^^ . 



Step 3. Verification of Properties (PI) -— (P7)^ 

Property (Pl)j follows from the inclusions ()4.5p and ()4.12|) . In order to 
verify (P2) --(P?) • we observe that the inclusion ()4.12j) and the identity 
imply that 

(4.15) c^hA^) = (</>G, o (Pf) (z) for all 2 G i? X / X [0, 1]. 

(P2). and (P4).. Assume that z e Axlx[0,l] or that z G R"xjx[0, 1]. 
The inclusion (I4.5|l implies that (priz) = z. The inclusion ()4.12j) and 
the identity ()4.15|1 now imply that (pHii^) = z. 

(P3)-. Assume that 2; G A' x J x [0, 1]. According to the inclusion ()4.5j) 
and the identity we have (ppiz) e A' x I xR. The identities PTT|) 
and ()4.15|) now imply that (pnAz) G A' x / x R. 

(P5).. Assume that z e R" x J' x [0, 1]. The identity yields 

(I)f{z) G R" X J' X R. 



(4.16) 
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The identity ()4.10|) implies that the restriction of (pd to R" x I x H is 
of the form 

where ip is a. symplectomorphism of / x R. Let (Pf{z) = (mq, vq, xq, yo)- 
According to the identity ()4.15|1 we need to show that 

^{xo, yo) e ( J U /) X II ^ X {[Vh yi + 5]U [fji - e, yi\) . 
Assume first that yo < y-i- The inclusion ()4.12j) implies that 

^ixo,yo) = ixo,yo) e J' xR. 
Assume now that yo> i/i. We let 

7(t) = (x(t),t/(t)), te [0,1], 

be the segment of the solution of the system of ordinary differential 
equations 

= (2z-l-e)(-^3(x(t)K(y(t))x(t)) 
y^t) = (2^ - 1 - e) {g',{xit))x{t) + g3ixit)))gMt)) 

starting at 7(0) = (xo,?/o)- Then 7(1) = Lp{xo,yo). Since g'^{y) > 
for all ?/ G R, the first equation in ()4.16|1 implies that x{t) < for all 
t G [0, 1], and so x{t) < < e — 5 for alH G [0, 1]. Since g'^ix) > for 
all X < e — 6, the second equation in ()4.16j) implies that y{t) > for 
all t G [0,1]. 

Case A: yQ > yi+6. Since (74(1/0) = 1 and y(t) > we have g^iyit)) = 1 
for all t G [0,1] and so x{t) = for all t G [0,1]. In particular, 
7(1) eJ'xR. 

Case B: yo G [yi,yi + 5] and xo G ]5, 25[. Since x{t) < and y{t) > 
for all t G [0, 1], we find that x{l) G [0, 26[, and so 7(1) G (JU J') x R. 

Case C: yo G [iji, iji + 5] and a;o G ]e — 25, e — 5[. We claim that 

(4.17) 7(1) e [0,(5]xRU [6,t-6]x ([^„^, + 5] u [y, - e,y,]). 

We abbreviate the closed rectangle 

C = [e-26,e-S] x [yi,yi + S], 

and we denote the left, right, top and bottom edge of C by Li, L^, Lf, Lj,. 
It is enough to prove claim ()4.17|) for (xq, yo) = 7(0) G LiU LrU LfU Lf,, 
cf. Figure IHl Notice that as long as 7(t) G [6,e — 6] x [yi,yi + 6], the 
system ()4.1fj|l reads 

m = i2z~l-e){-g'Mt))x{t)) 
y{t) = {2i-l-e)g,{y{t)) 



(4.18) 
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and that 

x{t) = 
y{t) = 2i-l-e 

if 7(t) G [(5,e- 5] X [y^ + 5,oo[. 



(4.19) 



yi + 5 




X 



€-26 e-S 



Figure 8. The image 0(C), the curves ■ji, and 7* and a 
curve 7 starting at (e — 6, z/q) with i/q > y*. 



Assume 7(0) G Lb- Then g'^i^yo) = (74(1/0) = 0, and so ()4.18|1 imphes 

7(1) = 7(0) = ixo,yi) G [(5,e-5] X [^,,^^ + 5]. 
Assume 7(0) G L^. Then ()4.19p imphes 

7(1) = 7(0) + (0,22-1 -e) = (xo^m) G [5,e-5]x[y,-e,y^]. 

Assume 7(0) G L^. In order to understand the locus of (p{Lr) we 
abbreviate the horizontal and the vertical line 

Lh = [6,e - 6] X {yi + 6} and Ly = {6} x [iji, iji + S\ 



(4.20) 
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and first check that the trajectory 7,^ starting at (e — 6,yi + u) G 
crosses L„, cf. Figure |H1 According to the choice ()4.9|) the system ()4.18|) 
reads 

x{t) = {2i - 1 - e) I {- x{t)) 
m = {2t-l-e)l{y{t)-yi) 
as long as 7j/(t) G [5, e — 5] x [y^ + h',yi + 6 — u]. We abbreviate 
(4-21) r = ^log^. 

Solving ()4.20|) for the initial condition (xo,i/o) = ~ ^^Vi + ^) and 
using = S — u we find that 

(4.22) 7,(r) = (5,y, + S-u) E L,. 

It follows that there exists a unique y* E]yi + h',yi + S[ such that 

(i) the curve ■jit) does not cross Lh if yo G 

(ii) the curve jit) does cross Lh if ^ [l/*)^* + ^l- 

The trajectory 7* starting at (e — S,y*) is shown in Figure |H1 

In case (i), either 7(t) does not cross the line Ly, in which case 
7(1) G [(5, e — 5] X [yi,yi + 6], or jit) does cross L^, in which case 
x(t) < implies 7(1) G [0, 5] x R. 

Assume now we are in case (ii) and that 7(t) = {x{t),y(t)) is the 
trajectory starting at (|/o,e — 6). We define to through the identity 
7(^0) £ Lh, cf. Figure IHl In order to estimate to from above, we first 
notice that the identity ()4.22|1 and iji + u < yo imply that 

(4.23) y (t*) > yi + 5-u. 

In view of the second equation in ()4.18p . the fact that y{t) and g4,{y) 
are increasing and the estimate ()4.23|) we have 

y{t) > (2z - 1 - e) (1 - iz/) for all t > t*. 

Using this, the identity ()4.2H) and = ^ and 5 = ^ we can estimate 

to < t* -\ ^7 — 

(2i-l-e)(l-^i.] 

< 2-^(51og(4A;-l) + 5) 

Together with the second equation in ()4.19|) and the relation j/j = 
(i/i + 5) + (2z — 1 — e) we finally find 

m > yil) = yi + 6 + il- to){2i - 1 - e) > m-e 

and so 7(1) G [5, e - 5] x [y^ - e, iji]. 

Assume finally 7(0) G L;. Since x{t) < and y{t) > for all t G [0, 1] 
we have 7(1) G [0,e — 26] x [^j, cxd[. The part of (p{Li) contained in 
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[6, e — 26] X [yi + 6,oo[ lies above the corresponding part of (p{Lr) and 
below the line {{x,y) \ y = jji}. Our result for ip{Lr) therefore implies 
that this part of ip{Li) is contained in [6, e — 25] x [jji — e, yi], cf. Figure |H1 
We conclude that ()4.17j) also holds true for all points 7(0) G Li. This 
completes the verification of Property (P5) •. 

(P6).. Assume that z e R" x I" x [0, 1]. The identity (gSl) yields 

^p(z) = z + {l + e)ly G R" X /" X [1 + e, oo[. 

In view of the identities ()4.15|1 and ()4.11|1 and the choice of the cut off 
functions and we therefore find 

<PhAz) = <Pg, (-s + (1 + = z + {l + e)ly + {2i - 1 - e)ly = z + 2il 

(P7) •. Using the definition ()4.1H|1 of Hi and the estimate ()4.fi|l we finally 
estimate \\Hi\\ = \\F\\ < 2e. 

The proof of Lemma 14.21 is complete. □ 

We proceed with the proof of Proposition 14.11 As in the previous 
section we define for each subset T of ]R^(m, f ) and each i G {1, . . . ,k} 
the translate Tj of T by 

Ti = {{u + {i-l)e,v) I {u,v)eT}, 

and for each subset X of ]R(x) and each i E {1, . . . ,k} and j G Z we 
define the translate Xij of X by 

Xij = {x + A{i - 1)6 + je \ X e X} . 

Let Hi be the functions guaranteed by Lemma 14.21 and define for each 
i G {1, . . . ,k} and j G Z the smooth function Hij : — IR by 

Hij{z) = Hi{u-{i- l)e, v,x- 4(i - 1)6 - je, y) . 

In view of Lemma 14.21 we have 

(PI),, supp Hij C i?r X li, X 

(P2).. fixes AiX lijx[0,l], 

{F3)-j (j)H,. embeds A[ x hj x [0, 1] into A[ x hj x R, 

(P4X^. fixes X J,, x[0,l], 

(P5) <pH,. embeds < x J'^^ x [0, 1] into 

R!l X {Jij U 4) X R ]J X lij X {[y„ y^ + 6]U [yi - e, yi]) , 

{PQ)ij (Pmj translates R'{ x I'^- x [0, 1] by 2ily, 
(P7X^. m,\\<2e. 
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Since the sets i?^ x I^j x R are mutually disjoint, Properties (Pl)jj 
guarantee that the function 

k 

i=l jew. 

belongs to ?i(4). Properties (Pl)jj also imply that supp H G P" x R^. 
Properties (Pl)j,- and (P7)-- imply that 



X 

1 



|//|| < sup < 2e. 
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Figure 9. The {u, x)-cut off region of the function H. 

Verification of the estimates (14. 2|) and fj4.3|) 

Fix (xo,?/o) ^ K-^- We abbreviate 

= p(0^^(P'^xRx [0,l])nE(,„,,„)), 
Q = p (0// (g X R X [0, 1]) n ^(:.o,yo)) • 

Since 

k 

^(^) = IIII[-25,25[,, 

i=i jez 

there exists a unique pair {io,jo) G {!,..., A;} x Z such that xq G 
[—25, 25[jojo. For z G {1, . . . , fc} we define jj by 

. _ r jo if « < ^0, 
1 jo - 1 if ^ > io- 
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According to Properties (Pl)jj we have 

(4.24) V^'nR, = p{(t)H,^^ HP" n R,) X % X [0, 1]) n ^(.o,yo)) , 

(4.25) QnR, = p(0H.,J(gni?,)x%x[o,i])nE(,.„,,o)), 

cf. Figure El 

4.3. Lemma. We have fi (V) < 3e. 

Proof. According to the definition ()4.4j) of i/i and jji the sets 
[2i, 2i + 1] U [iji, yi + 5]U[yi- e,yi], i = 1, . . . , k, 
are mutually disjoint. 

Case A: yo e [2i *, 2i* + 1] U [yi*,yi* +S]U [yi* - e, yi*]. According to 
the identity and Properties (P2) .j.^-(P6),y^ we have V n /2f = 

if z ^ {io, i*}, and so 

k 

V C Ri,URi,u[jAiUA[. 

i=l 

Together with the estimate ()3.5p we therefore find 

(4.26) f^ii'P")) < 2e + A;^ = 3e. 

Case B: yo ^ [jLii'^h 2i + 1] U [iji, yi + 6]U [yi - e, yi]. According to 
Properties (P2) .^.,-(P6),^.^ we have V (1 R'/ = dl if i ^ io, and so 

k 

V C Ri,u[jAuA',. 

i=l 

Therefore, 

(4.27) i2{r'') < 2e. 

The estimates ^TI^ and (p37jl yield that (V) < 3e. □ 

4.4. Lemma. We have fi{Q) < 3e. 

Proof. For z = 1, . . . , we define Ai, A'^ and 7^^' as in ()3.8j) . As in the 
proof of Lemma [3. 31 the crucial observation in the proof is that for each 
i the simply connected hull of the part 

(^:x% X [0,1]) HE 

of Q is a simply connected subset of A'^. Indeed, according to prop- 
erty (P3)jj. the closed and simply connected set (pHij- {A'^ x lij. x [0, 1]) 
is contained in A'^ x lij- x R, and so the simply connected hull of 
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4>Hij. i-^'i X liji X [0, 1]) n E^xo,yo) is a simply connected subset of A[ x 
{ (2^0,2/0) }• 

We again abbreviate by Q the simply connected hull of Q. According 
to the definition ()4.4|1 of i/i and yi the k + 1 sets 

[0,1], [2t,2t + l]U[yi,yi + 6]U[y,-e,yi], z = 1, . . . , fc, 

are mutually disjoint. 

Case A: yo G [0, 1]. According to the identity ()4.24|1 and Properties 
(P2),, -(P6) . • we have QnA = Ai for all i and Q n R'/ = if i ^ zq- 
In view of the above observation we conclude that 

k 

Q C U U A, U A[. 

1=1 

Together with the estimate ()3.5p we therefore find 

(4.28) ^{Q) < e + k^ = 2e. 

Case B: yo e [2i*,2i* + 1] U [yi*,yi* + S]U [yi* - e,yi*]. According to 
Properties (P2) .^.,-(P6) we have Q n = for all z and Q n R'l = 
if z ^ {io,i*}. In view of the above observation we conclude that 

k 

Q C Ri,URi,u[jA',. 

i=l 

Therefore, 

(4.29) < 2e + e = 3e. 

Case C: yo ^ [0,l]U[j^,^^[2i,2i + l]U[y^,yi + 6]U[yi - e,yi]. According 
to Properties (P2) .^.^-(P6) .^.^ we have QnAi = for all i and Qni?f = 
if i 7^ io- In view of the above observation we conclude that 

k 

Q c R^,u[jA'^. 

i=l 

Therefore, 

(4.30) < e + e = 2e. 

The estimates (gSHI), and (jOHIl yield that fi{Q) = fi{Q) < 3e. 

This completes the proof of Lemma 14.41 □ 

In view of Lemmata 14.31 and 14.41 the estimates ()4.2|) and ()4.3|) hold 
true. The proof of Proposition 14.11 is thus complete. □ 
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End of the proof of Theorem I2.4l (i) 

Consider a partially bounded subset S of Z^"(7r). There exists i G 
{2,. . .,n} and b > such that Xi{S) C [-6, b] or yi(S') C [-6, b]. We 
can assume without loss of generality that i = 2. If x{S) C [—6, 6], we 
define the symplectomorphism a of Ii'^{x,y) by cr{x,y) = {—y,x), and 
we let 0" be the identity mapping otherwise. Define the symplectomor- 
phism r of ]R^(a;, y) by 

^(a;,?/) = (2&a;, — ?/ + - 

The composition Z(i2 x (r o a) x id2n-i maps S* into 

fi^(7r) X R X [0, 1] X II^"-^ 

Fix k > 2. We choose a symplectomorphism a of ]R^(m, f) such that 
P'^ C a (i?^(7r)). Let H ETC (R"^) be the function guaranteed by Propo- 
sition |1]T] We define the smooth and bounded function K: R^" —> R 

by 

(4.31) K{zi, Z2, Z3,...,Zn) = H {a{zi), (r o a){z2)) . 
Since 

(4.32) supp H C P" xR^ c a {B^{7t)) x R^ 

the support of K is contained in Z^"(7r), and since \\H\\ < 2e we have 

(4.33) \\K\\ = \\H\\ < 2e. 

Moreover, the transformation law of Hamiltonian vector fields under 
symplectic transformations shows that K G 7i(2n) and 

<pK = ((a X (r o a)y^ o cjy^ o [a x [t o o))) x id2n-A- 

For each subset S of Z^"(7r) and each point z = {x,y, z^, . . . , Zn) G 
r2"-2 -we have 

0/<(5)nD, C ((ax (roa))-io0^) (a(fi2(7r)) X Rx [0,1]) nE(,,,) 

= ((a^^ X zd) o (Ph) [a [B^tt)) x R x [0, 1]) n E(^/y) 

where we abbreviated {x',y') = (r o a){x,y). Using this, the facts 
that Ji is monotone and preserves fi, the inclusions ()4.32|) and the 
estimates ()4.2|1 and vr — fJ'{P'^) < e we can estimate 

71 (MS) n D,) < (0^^ (a {B\n)) X R X [0, 1]) n 

= /i (0^^ (P'^ X R X [0, 1]) n P(,,y)) + /X (« (P2(7r)) \ P") 
< 4e. 
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Since this holds true for all z G R^*^ ^, we conclude together with the 
estimate ()4.33p that 

(4.34) sup7J(0i^(S) nD^) + < 6e. 

z 

Recall that k >2 was arbitrary and that e = f • If 5" is unbounded, we 
therefore conclude that <j{S) =0. If is bounded, we denote by 0^, 
t G R, the Hamiltonian flow generated by K. Since K is supported in 
Z^"(7r) and since S is bounded, we find a ball B C R^"~^ such that 

U C B\n) X B. 

te[o,i] 

Choose a smooth compactly supported function / : R^"^^ — > [0, 1] such 
that /|b = 1. The function ^: R^" R defined by 

K{zi, Z2,..., Zn) = f{z2, Zn)K{zi, . . . , Z^) 

belongs to Hc{2n). Moreover, < < 2e and (f)j^{S) = (pxiS). 
In view of the estimate ()4.34|1 we therefore find 

sup7l(0^(S)nZ},) + ||/?|| < 6e. 

z 

Since k > 2 was arbitrary, we conclude that cr{S) = 0. The proof of 
Theorem I2.4l fi) is complete. 

End of the proof of Theorem I2.4l (ii^ 

Consider a partially bounded subset 5* of Z^"(7r) which is contained in 
Z^"(a) for some a < vr. Proceeding as above we find that the compo- 
sition id2 X (r o cr) X id2n-i maps S into 

B^{a) X Rx [0,1] X R2"-4. 

We choose > 2 so large that a < We then find a symplecto- 

morphism a of R^(u, f) such that 

a (B^ia)) CQ and a (B^in)) D P\ 

We define iT: R^" ^ R by formula (lOTl) . Then K G n{2n) and 
lli^'ll < 2e. For each z = (x, y,Z3, . . . , Zn) G R^"~^ we have 

(t)K{S) nD, C {{a-' X id) o 0^) (« (52(a)) x R x [0, 1]) H 

C ((a^^ X irf) o(j)H){QxRx [0, 1]) n ^(x'y)- 

Using this, the facts that /t is monotone and preserves jj, and the 
estimate ()4.3|) we can estimate 

/i (07^(5) nD,) < /i (0H (Q X R X [0, 1]) n E(,,y)) 

< 3e. 
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Proceeding as above and recalling that we can choose k as large as 
we like, we conclude that (t(S') = 0. The proof of Theorem I2.4l fii) is 
complete. □ 



5. Measuring intersections by symplectic capacities 

Up to now we have measured the intersections ip{S) H by the outer 
Lebesgue measure Jl and by fi. There are many other ways of measuring 
a subset of in a symplectic way. We recall the 

5.1. Definition. j2l [Hj A symplectic capacity on (J^^uoq) is a map c 
associating with each subset T of a number c(T) G [0, oo] in such a 
way that the following axioms are satisfied. 

Al. Monotonicity: c(T) < c(T') if there exists a symplectomor- 

phism if of such that ^p{T) C T' . 
A2. Conformality: c{\T) = \^c{T) for all A G R \ {0}. 
A3. Nontriviality: c{B'^{'n)) = vr. 

A symplectic capacity c on R^ is called intrinsic if it satisfies the 
following stronger monotonicity axiom. 

Al'. Monotonicity: c(T) < c(T') if there exists a symplectic em- 
bedding if : T ^ T' . 

Examples of intrinsic symplectic capacities on R^ are the outer Lebesgue 
measure fx, the Gromov width jSj and the Hofer-Zehnder capacity J5j. 
Examples of symplectic capacities on R^ which are not intrinsic are 
/i, the first Ekeland-Hofer capacity [2j and the displacement energy 
Indeed, for each of these symplectic capacities we have c{S^) = tc, 
while c{S^) = for any intrinsic symplectic capacity. It is known that 
for any a G ]0, tt] there exists a symplectic capacity c on R^ such that 
c{S^) = a, see Proposition B.ll]. 

For each subset S of Z^^{n) and each symplectic capacity c on R^ 
we define 

a{S;c) = inf sup c {p {(f{S) n D,,)) 

V X 

where (p varies over all symplectic embeddings of S into Z^"(7r). With 
this notation we have cr(S') = a{S;]l) and d'{S) = a{S,fi). 

5.2. Corollary. Consider a subset S of Z'^"'{7t) and a symplectic ca- 
pacity c on R^. 

(i) a{S;c) = if a is intrinsic. 

(ii) a{S; c) = if S C Z'^"-{a) for some a < n. 
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Proof. Consider a bounded subset T of R^. According to |9j Theorem 
B.7] we have c(T) < Jl{T) for every intrinsic symplectic capacity c on 
and c(T) < fi{T) for every symplectic capacity c on R^. Corollary 
15.21 thus follows from Theorem 12.11 □ 

For each subset S of Z^^^tc) and each symplectic capacity c on 
we define 

aniS; c) = inf jsup c (p (0^,(5) n D,)) + ||iJ|| | 

where H varies over 7ic(2n) if S is bounded and over 7i(2n) if S* 
is unbounded. With this notation we have crniS) = cr//(S';7l) and 
aniS) = aH{S,fi). 

5.3. Corollary. Consider a partially bounded subset S of Z'^'^{'k) and 
a symplectic capacity c on R^ . 

(i) affiS^c) = if c is intrinsic. 

(ii) aniS; c) = if S C Z^"-{a) for some a < n. 

Proof. Corollary 15.31 follows from Theorem 12.41 in the same way as 
Corollarv 15.21 followed from Theorem 12.11 □ 
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